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1. AByMepHble HemnpepbiBHbIe Clly4YaliHble BeNIMYUHbI

3aHsATHE IMOCBAIIICHO ABYMCPHBIM HEIIPCPHIBHBIM CJ'Iy"IaI\/'IHBIM BCJIIMYNHaAM U
HX 3aKOHaM pacCIIpCaCIICHUA.

1.1. KparTkue TeopeTnuyecKue cBeaeHUsI

ITycts (€245, P(+)) ecTh 0cHOBHOE BEpOATHOCTHOE MPOCTPAHCTBO IIPO-
U3BOJILHOTO CTAaTHCTUYECKH YCTOMYUBOTO KCIepuMenTa E .

(v v o o . 2
JIByMepHoii cayuaiinoii Beanunnoii (&(w),n(w)):Q — R° Ha3biBaeT-
Csl YHOPSJIOYEHHAss CUCTEMa M3 OJHOMEPHBIX CIy4allHBIX BEIMYMH & U 77,

3aganHbIX Ha (2,45, P(¢)).

Ipu (X,y) e R? HHTErpajJbHOM (PYHKIHUEH pacnpeaeeHus an (x,y)
nBymepHOH caydaiinoii BenmuuHbel (&,77(w)) HaseIBaeTcs  BEpOATHOCTD
P{w:(w) < x,n(w)<y}) = Fep (X,Y). Hmke mnpuBeIeHbI CBOWCTBA HHTE-

rpaJibHOM (DYHKLIHUU pacipereseHus F@? (x,y).
1. Dynkims Fg, (X,Y) npuanmaer 3nauenue Ha orpeske [0,1].

2. OyHKIMA an (X,Y) sBasercs HeyObIBarome QyHKIHEH I10

KaXKJIOMy apryMeHTy, T. €. €Clli & > &, TO Fén (ap,y)> F&] (81,Y) u ecim
by >y, To Fepp (X,02) 2 Feyp (X, by).

3.  P@s<Si<apn<y)=Fg(@ny)-Fglany),

P(S <x,by <mp<bp)=Fg, (%) = Fgp (X, by).

4, OyHKIMA Féz,] (x,y) YIAOBJIETBOPSIET MIPEAEIBHBIM PABEHCTBAM:

X—>—00

lim Fep(X,y) = yirnoo Fep(X,y)=0,

Xinjoo Fep (X,y) = Fgp (—00,—0) =0,
y—>—©
lim an (X, y) = an (+OO,+OO) =1,

X—>+00
y—>+0

lim Fzp (X, y) = Fzp (X,+90) = Fz (),

y—>+00

lim Fep (X, y)= Fep (+o0,y) = F,7(y) ,

X—>+00



rae Fg (X)=P((<X) n F, (Y)=P(n<y) — unterpansueie QpyHKIMH

pacrpeeseHus: OJHOMEPHBIX CIIyYalHBIX BETHYMH & | 1] .

5. DyHKIMSA pacIpeaeIeHus an (X,Y) HempepbiBHA cleBa MO KaX-
JIOMY apryMEHTY.

BeposiTHOCTH MOnajaHus B NPSAMOYIOJbHUK JBYMEPHOM CIly4allHON
seanuunbl (£,77) BEMUCIAETCS CIIELYIOMEM 00pa3oM:

P(ay <& <by,ap <mp<by) =Fgp, (b,0) + Feyp (8g,8) — Fg (a1, 0p) — Fsyp (b, 37).
CnydaiiHble BeIMUYMHBI £, 7] HA3BIBAIOTCA CTATHCTHYECKH HE3aBHCHMBIMH,
ecmu g (X, Y) e R?  umeem: P(l<yn<y)=P(<y)P(n<y) wm
Ffﬂ (x,y)= F§ (x) Fn(y). B npoTHBHOM ciiy4ae CiaydaiiHble BEIHYMHBLI HA3bl-
BAIOTCS CTATUCTUYECKU 3aBUCHMBIMHU.

JlBymepHas cay4aiinas seamuuna (&,7) HasbiBaercsi HempepbiB-

HOWM, €CTU CYIIIECTBYET Takas HeoTpuIaTelbHas (QyHKIIHS ffﬂ (X,¥) ¢ obmna-

2 . .
cThio onpenenenus R, uro mis mo6oit obnactn H aBymepHoii miockocTy,
JUIsL  KOTOPOM  CyHIECTBYET  IUIOIIAJb, MMEET MECTO  PaBEHCTBO

P((&,m) eH)= ][ Tz, (x,y)dxdy, Tne neotpunaremshas dynxmns fg, (X, Y)
H

HA3bIBACTCS IJIOTHOCTLIO paclpeneeHds ciaydaiinoi semuuumnbl (£,77).
JIist TUIOTHOCTH pacIpeieIeHus f§77 (X,Y) BBINOJNHSAETCS YCJIOBHEM HOPMHU-

+00 +00

poskn: P((&,7)€R%)= | [ Tz, (x y)dxdy=1.

—00 —00

JIns mHTerpaJbHoOi GyHKUUM pacnpeae/IeHUs1 HEIPEPbIBHOU Cilydaii-
Hoit BenmuuHbl (£,77) MMEET MECTO CIIEAYIONIEE BEIPAKEHHUE:

X Yy y X X Y
Fep (% y)= | [ fepuv)dudv=[ (| fep(uv)du)dv= | (] fg(u,v)dv)du.

—00 —00 —00 —00 —00 —00
JUIs IUIOTHOCTH pacipeeJenusl HenpepsIBHoli ¢. B. (£,77), B cBOIO o4epes,

0?Fg, (X, Y)
oxoy

JIns HenpephIBHOW CIIy4YalHOW BEJIIMYKMHBI BEPOATHOCTH NMONMAJAHUA CJIY-
YaiiHOTr0 BEKTOPA B IPSIMOYTOJIbHUK MOKET OBITh BBIYUCIIEHA 110 (hOpMYJIE:

BBIMOJIHSACTCS cOOTHOIIeHUE: f n (X,y)=

ag by
P(ay <&<ap,by<n<bp)=[ [ fg,(x y)dxdy.

a by



Eciu & ¥ 1) ABISAIOTCS HE3aBHCHMBIMH CJOYYaliHBIMM BeJHYHHAMH,
to semomsercs: Fey (X, Y) =F(X) - Fy(y) n fz(% y) = f2(X)- T,(y),
rae Fz(X), Fy(y) u fz(X), f,(y) - unrerpamsnsie Gpynxumn u miorrocTn

pacipcaCaCcHuss COOTBCTCTBCHHO OJJHOMCPHBIX CJ]Y‘-I&ﬁHBIX BCJINYNH é: uumn.

[InoTHOCTH pacmpeneneHuss BEpOSTHOCTEH féﬁ7 (X,¥) HenpepbIBHOM

JABYMEPHON ciy4aiiHol Benuuubbl (£,77) onpenesnser oAHOMepPHbIE HHTe-
rpajbHble (YHKIUM pacnpenejaeHus cnyqai'mblx Beauund & u 7

X oo +00
F-()= [ ([ fz(uv)du)dv, F(y)= j ([ fep(u,v)du)dv u ognomep-
—00 —00 —00 —00
HBbIC IIVIOTHOCTH BepOHTHOCTeﬁ cnyqaﬁnblx BCJINYHUH é u 7]
+00 +00

fe()= | fep(xv)av, f,(y)= [ fz(u,y)du.

1.2. Ilpumepsl penieHus 3aaa4

Hpumep 1.2.1. IInoTHOCTH pacmpeneneHus ciydaiinoil senmuaunsl (&,7)
A

(x2 + y2 + x2y2 +1)

MMEET BUJL! fgn(x, y)= ,—00 < X < 400,—00 < Y < +00.

Haiitn koncranty A, nuterpanbhyto ¢pynkumio Fgy, (X, Y) c. B. (&,1m), omno-
mepuble miotHocTH fe(X) u f,,(y), onpenennts, Hesasucnmbl mu cory4aii-
HbIE BEIMYMHBI & ¥ 7], BBIYUCINTE BEPOATHOCTE onaganus c. B. (£,77) B 06-

macte G={(X,y):-1<x<L-1<y<1}.

Pewenue: 3nauenve KoOHCTaHTBl A HaleM U3 YCIOBHS HOPMUPOBKHU:

~+00 400 +00 +00 A

fe (X y)dxdy = dxdy =
=1L RN
+00 400 1 +00 oo
=AJdy | — ——Ux=A | dy- (arctg(x)| )=
"o - (XS +D(y° +1) —oo(y 1) o
1 +00 2 1
= Ar j dy = Ararctg(y)| . =Az“. Otciona A= -
o (Y% +1) 4

[Tpu —00 < X < +00,—00 < Y < +00 HAXOAUM HUHTErpalbHYI0 (QYHKIHUIO pac-
npenenenns Fg, (X,Y) cnyqaiinoi senuanms (&,77)



Xy y X X Y
Fep(y)= | [ fepuv)dudv= | (] fe(uv)du)dv= [ (| fg,(u,v)dv)du=

—00 —00 —00 —00 —00 —00
1
dudv =
_{)o J;Oﬂ' (u +v2+u2v2+1)
y X y X
— L v —du=— | —dv-(arctg(u)] )=
7° o —oUS+1D(V+1) 7° o (V- +1) o

:—(arctg(x)+—) j L dy- 12 (arctg(x) + =) (arctg(y) + ).
72 O 2 ?

Jlanee onpenenuM OJHOMEpPHBIE TUIOTHOCTH pacnpeneneHus. s ciydaitHon
BEIUUUHEI & TPH —00 < X < +00 HAXOIUM:

1
fe(X)= ] fep(x,y)dy= dy =
: J & —J;O7Z'2(X +y +x° 2+1)
-+00
_ f 1 dy = Vs B 1

o202 D)2+ T A2+ a(x2+1)
JII1s1 cmydaliHOM BEJTMYUHBI 7] TIpA —00 < Y < +00 HAXOJIUM:
—+00 1

+00
f,(y)= | fe, (X y)dx=
7 —{;o &7 _{D 7r2(x2 + y2 + xzy2 +1)

dx =

_T) 1 iy Vs B 1
o (P AD(YP +D) AA(YP+D)  m(yP+))

[IpoBepum ycCIIOBHME CTAaTUCTUYECKOM HE3aBUCHMOCTH JJISl CIIyYalHBIX

BeauurH & U 77
11 1
2(x%+1) z(y2+1)  22(x% +D(y? +1)

3Ha4MuT C. B. é: U 7] SABIAKOTCA CTATUCTUYCCKU HC3aBUCHUMbBIMM.

= 2, (x.Y).

(0 £, (y)=

BrluncinrM BEpOSATHOCTh MOMANAHUS IBYMEPHOW CIy4allHOW BEJIMYWHBI
(£,m) B obmacts G ={(X,Y):-1<x<1-1<y <1} uepe3 mIOTHOCTH pacmpe-

nenenns fg, (X, y):

11
P(-1<£<1-1<p<D=P(-1<5<L-1<p<) = [ | fgp(x y)dxdy =
“1-1



} ; 1 iy — L } 1 g4 } 1
= xay = y X=
12204 +D(YP +1) 7% C1(y% +1) T C1(x% +)

11 1

1 1 1 1

= dxdy = dy -(arctgx| ;)=

_Il_J.lﬂz(Xz +1)(y2 +1) 7 —1(y2 +1) ‘ 1
I U SO SO N

PP+ 2 2 22 2 4

Omeem: A= iz ,  UWHTerpaipHas  (QyHKUHUA  pacrpeneiacHHs
/4

Fep (x,y)= iz (arctg(x) + %)(arctg(y) + %) , OJIHOMEPHBIC IIJIOTHOCTH BEpO-
T

u Ty (y)=—

strocteit fe(X)= =
g 7r(y2 +1)

> , CITy4aiiHble BETMYUHBI & U
(X +1)

1
1] SBIISIOTCS CTATHCTHYECKH HezaBUCHMbIMH, P(—1< £ <1 -1<7n<1)= 2

Ipumep 1.2.2. Onupenenurs BEPOATHOCTH MONAJAHMS JBYMEPHOM CIIy-
yaitnoii Bemmumubl (£,7) B obmacts G={(X,y):1<x<2;1<y<2}, ecin
COBMECTHas (PyHKLUS PACHIPENECIICHHS UMEET CIIEAYIONINI BH/I:

2

2 2 2
1-aX —a? 4a X%

an(x,y): ’ X1y>01

0, B OCTaNBHBIX CIydasx,

3mech a>1.

Pewenue: ]Ins BeiuuciaeHus: TpeOyeMON BEPOSTHOCTH BOCIIOJIb3yEeMCS
U3BECTHOU (POPMYIION:

P(al < é:< b_l_’aZ <7 <b2) = an(b_l_’bZ) + an(aliaZ) - Fé’r](al’bZ) - an(b_l_’aZ)-

Jlns Hamero ciryvasi mojy4aem:

PU<8<21<n<2)=F5 (22) + Fg (L)) - Fe,y (12) - Fgy (21) =
=(1- at-ady a‘4_8) +(1— al-a?+ a_l_z) —
—(1- al-a®y a_1_8) —(1- at-a?2+ a_4‘2) =

_ g4 g8 2

12 9

1 3 1 8 9, .4 2 6

-a " -a‘“+a“+a " +a " -a’+a +a‘“-—-a =

+ a_3.

+ a_12

=a “—a —a_6



Tak kak @>1, To mony4aeM, 4TO MOJIYYEHHOE BBHIPAKEHHE YIOBIETBOPSAET

12 .9 6 __-3

HepasenctBy 0<a a >~ —a +a ° <1, 1.e. MOXKET ABIATHCS 3HAUCHHM-

M BCPOATHOCTH.

2 9 6 3

Omeem: P(1<£<2,1<n<2)= a2 a2 _ad%ia3
1.3. 3amauu JIsi CAMOCTOSITE/ILHOTO PelleH st

3aoaua 1.3.1. Cnyuaiinsii Bektop (£,77) MMeeT paBHOMEPHOE pacIpe-
nenenue B kanpare R. Haiiti miotnocts BepostHoctelt fg, (X,Y) u nnre-

rpaneryto Gyrkmmio Fep(X,Y) c. B. (§,77), wactueie mnotnoctn fe(X) u

f, (Y), onpenennts, 3aBuCHMBI Jn CITy4aiiHbIe BEIMUHBI cun.

3adaua 1.3.2. 3apana fgy(X,y) MIOTHOCTE pacnpenenenys AByMEPHOM

c. B.(5,77) . Beipasute uepes fg, (X, y) BepostHoCcTH cnemyionmx cobbThii:
D A{E>ny: 2 &>k 3) {¢]>nk 4 -5 >

3aoaua 1.3.3. IIoTHOCTH pacrpeneneHus CIydaiHONW BEITMYUHBI (&,1)
C(R—«/ 2 4 yzj, x2 + y2 < RZ;

0, x2+y2 >R?.

paBHa ffﬂ (x,y) =

HaiiTi MOCTOSIHHYIO C, BBIYHCIIMTB BEpPOSTHOCTb momamanus c. B. (&,7) B
kpyr paguyca @< R ¢ nuenTpom B Havae KOOpAUHAT.

3adaua 1.3.4. VsBecTHa MIOTHOCTH pacnpenenenus fep, (X,y) cyuaii-

HOU BEIIWMYNHBI (§ ) 77)

_JAKx+Y), (x,y) €G;
ff"(x’y)‘{o, (xy) £G.

rne G={(X,Y):0<x<L0<y <L} Haiitu : a) mocrosauyo A; 6) coBMeCT-
HYI0 MHTErpayibHyio QyHKUMIO pacupenenenns Fg, (X,Y); B) sacTHble mioT-
Hoctu pacnipenenenns fg(X) u f,(y) cayuaiinbx Benmnuun & u 7.

3aoaua 1.3.5. [Isymepnas caydaiinas senmnanna (£,77) MMeeT mIOTHOCTS
pacrpe/eeHus

12 —ﬂ(x+y)’ ’ 0
fgn(X’Y)—{ e X,y >

0, X, Y - Apyrue,



rae A>0. Haiitu yacTHbIE IIFIOTHOCTH pacIpeac/iCHus f(f (X) u f,7 (y) cay-

YallHBIX BEIUYUH & W 7], ONPENEINTD, ABJISIOTCS M CIIyYalHbIE BETMYMHBI
& W 1] 3aBHCUMBIMH.

3aodaua 1.3.6. [IsymepHas ciaydaiinas ennauna (£,77) MMeeT IWIOTHOCTD

asin(x+y), 0<x <Z.
pacrpenencHus féeﬂ (x,y)= Yh ¥ = 2’

0, X, Y - ApyTHe.
Haiitn koHCTauTy @, nuterpansuyto gpynkumuo Fep (X, Y) c. B. (&£,n) wnyact-

HYIO IUIOTHOCTB pacnipenenenns fe(X) cyuaitnoit Bemamnue! ¢ .

3aodaua 1.3.7. [IsymepHas ciaydaiinas sennauna (£,77) MMeeT IIOTHOCTS
2
pacrpe/aeeHus ffﬂ (x,y)= y®, 0<x<y<1
0, X, Y - Apyrue.

Haiitu: a) nocrosumyto K ; 6) sacTHble mIoTHOCTH pacupenenennst fe(X) u
f, () cnydaiinbix Bemuaun & u 77.

3aodaua 1.3.8. [Isymepnas ciaydaiinas sennauna (£,77) MMeeT IWIOTHOCTD

A

pacnpeneneHus fe, (X,y)=
> 72 (3+x2)1+y?)

,—00 < X < +00,—00 < Y < +00,

Haiitu: a) moctosHHyio A; 0) COBMECTHYIO HMHTEIPalbHYIO (YHKIIHIO pac-
npenenenus Fgp, (X, Y); B) BeposTHOCTD P(0<£<1,0<n<)).

3aoaua 1.3.9. Haiitu BepOSTHOCTH MOMAJaHUs JBYMEPHOU CIydaiiHON
Benmanesl  (£,7]) B TPSAMOYrONBHHK,  OTPAHWYCHHBI  IPSIMBIMH

X=1X=2, y= 3, y= S , €CIM ee HHTEerpajlibHas (QYHKIMS pacrnpeeseHus
1-27%-27Y 4275 xy>0;

umeet cenyrommit Bux: Fgyy (x,y)=
0, B OCTaJbHBIX CITy4asx.

3aoaua 1.3.10. CoBMecTHOE paclpeeieHne CaydYaiHbIX BeIUYuH & U

1) SBIAETCS PABHOMEPHBIM B KpyTe X2 + y2 <1. BbIYHCIUTH BEPOSITHOCTH

3 3
p(\g\gz,\n\gzj.

10



2. lByMepHble AUCKpPeTHble crly4YalHble BeJIM4YUHbI

3aHsATHE IMOCBAIICHO ABYMCPHBIM JUCKPCTHBIM CﬂyqaﬁHbIM BCIMYHWHAM H HUX
3dKOHAaM pacCIpCacCICHUA.

2.1. Kpartkue TeopeTuyecKne cBeJIeHUA

JiBymepHas caydaiinas Besmuuna (£,77) siBJasieTcsl AUCKPETHOM, ec-
M CIy4aiiHble BEJWYUHBI & W 7] SBJISAIOTCS AMCKPETHBHIMH. CumMTaeM, 4To
KaKjas M3 CIydalHBIX BEIMYMH &, 7] NPUHAMAET He Oojiee 4eM CUYETHOE
YHCJIO BO3MOKHBIX 3HAYCHUM.

IycTs c. B. & mpuHuMaeT 3Hauenue us MHoxectBa X ={X{,Xo,..} u 77
NPUHKUMAET 3HaYeHHe u3 Y ={y1, y2,...}. BBenem o003HaueHUE 1JISI BEPOST-
woctn P(E=X,n= yj) = Pjj. Muoxectso {pjj :i, ] =1,2,...} sBasercs pac-
npejeJeHHeM JABYMEPHOIl AHCKPETHOM cay4aiinoii Beamunnnl (£,77). B
YaCTHOM ciay4dae pacrpeneneHue MOXET NPUHSATH BU/I
{pij 1=12,...,n;J=12,....m}. Jlna pacupeneieHus IABYMEPHOM CIIydaiHOM
BEJTMYMHBI BBITIOJTHSICTCS] CBOICTBO HOPMUPOBKH . ZZ pij =1.

1]

JInss nByMEpHOM NUCKPETHOM CIyYailHOM BEJIMYHMHBI (5,77) BBOJSIT IO-

HATHE TA0JTHIBI MM MATPHULBI pacnpe/IeeHus

P

n z X1 e | X | Xp
M pi | .| P | .| Dnl
Vi Py | | Py | | Puw
Vm Pim | oo | Pim | - | Pmm

3nech X <Xo <..<Xyu Y1 <Y2 <...<VYp.

NurerpanbHas (QyHKUMSI pacnpeaeeHust F§77 (X, y) ABYMEPHOU

MMCKPETHOH cay4aiinoii Besmuunbl (&,77) NPUHUMAET CIEAYIOIMIA BUI:

Fgan(x,y):P(§<X,77<Y): 2 2 P

G <X jryj<y
3uas pacnpenenenne {pjj :i, j=12,..} nBymepHoii ciyuaiinoil Bemuun-
uel (£,77) nerko nomy4uTs:

11



HHTEerpajbHble QYHKUMH KaXA0H M3 OXHOMEPHBIX CIAY4YaWHbIX Be-

munn & u 17:Fe(X)=Fgp (X, 40)= > P(E=X)= > 2 pjj,

X <X X <X ]

Fo(Y)=Fg(+0y)= 2 Pln=yj)= X 2 pj;
jryj<y jyj<y i

¥ pacnpeneJeHusi KayKI0il U3 OHOMEPHBIX CIyYalHbIX BeIHYHH &
un: Pj=P(E=X)=2pj uqj=Plr=yj)=2pj.
j i

JINCKpETHBIE CITydaiiHble BEIMYUHBI & W 7] SBIAIOTCA CTATHCTHYECKH
HEe3aBHCUMBIMH, €CJIA BBINOJHAETCS YCIOBUE:

P(E=X.1=yj)=P(E=X)-P(n=Yj), i, j=12,..

Ecnu nanHoe ycimoBue Hapyliaercs XoTs Obl OAMH pa3, TO CTaTUCTHYE-
CKOM HE3aBHCUMOCTH Y CIyYalHBIX BEJIHYMH & W 7] HET.

2.2. Ilpumepsl peuienus 3aaaq

Ilpumep 2.2.1. 3anana matpuiia pacupeeseHus: IByMEpHON cirydyailHON
seanuunsl (£,77).

. Sl 6 | 12
3 | 02015
25 1025 a

Haittn Heu3BeCTHBIN Mapamerp a, MOCTPOUTh COBMECTHYH) HHTETPAJIbHYIO
GYHKIUIO pacipenencHus an (X,Y) ® wacTHEIe WHTerpambHbIC (GYHKIUH

pacopeneneHus Ff (X) u FU(Y)'

Pewenue: YtoObl HaWTH HEW3BECTHBIN MapaMeTp a BOCIOJIb3yEeMCS
CBOMCTBOM HOPMHUPOBKH JJIs pacpeaeneHus asymepHoii c. 8. (£,7):

2 2
1=> > pij =0,2+015+0,25+a=0,6+a = a=1-0,6=0,4.
i—1j=1

Jlajee moCieI0BaTeIbHO HAXOAUM HHTETPAIBHYIO (QYHKIIMIO pacipese-
JIEHUS an (X,¥), ucrmomp3ys COOTHOIICHHE Fey (x,y)= P(é <X, < y) =

12



= > > Pij - N3 ycnoBui 3aaum ClEAyeT, UTO CIyYalHbIC BEJIMYUHBI
X <X jiyj<y

& u 17 npuHMMAlOT 1o aBa Bo3MoxkHbIX 3Hauenus & €{6;12} u n e{-3;2,5}.
ITpu X <6 wm npu Y <—3, momyvaem: Fep (x,y)= P(§ <X,m< y) =0.

IIpu X<12 n y<2,5, nonyuaem: Fep,(X¥)= 2 2 pij=p1=02.
X <X jiyj<y

IIpu X<12 u y<+40©, momyuaem: Fe,(X,¥)= 2 2 pjj= Zplj
IX|<ijJ<y J=1

=P+ P2 =0,2+0,25=0,45.

Mlpn X<+o0o m Y<25, momywaem:Fg,(X,y)= > X Ppj=2 Pi1=
|x,<x1yj<y i=1

=M1+ p21:0,2+0,15=0,35.

Ilpu X <400 u Y<+00, momyqaem: Fey, (X, y) = > > Pij = z z Pij =
|x,<x1yj<y i=1j=1

=0,2+0,25+0,15+0,4=1.
OxoHYaTeNbHO, UHTETpaIbHAS (PYHKIUS pacpeeIcHus Fcfn (X,y) mBy-

MEPHOM ITUCKPETHOI ciaydaiinol BenmuuuHbl (£,77) MOKET ObITh IPENCTABIIE-
Ha B BUJIC TaOJIUIIbI:

y=D | (6] | (612] | (1254<0)
(—oc:=3] 0 0 0
(-3;2,5] 0 0.2 0,35
(2.5;+x) 0 0.45 1

Yacruple uuTerpanbbie Qynkumn pacnpenenenns Fg(X) u o Fy(Y)

Haiifiem u3 yenosnii Fg(X) = Fgp, (X,+0) n F, (y) = Fg,, (+o0,y) . B utore mo-

JIy4aeM:
0, X < 6; 0, y <=3
Fge(x): 0,45, 6<x<12; Fn(y): 0,35 —-3<y<25
1, X>12. 1, y>2,5.
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Ilpumep 2.2.2. Matpuna pacnpeaeneHusi AByMEpHOU Ciay4yailHOW Benu-
YU HBI (f ,?7) AMEET BU/I:

,?’5-79

8 0.15 0,05

15 0.6 | 0,2

BBI?ICHI/ITB, ABJIAIOTCA JIU CJIy‘-I&fIHbIG BCIINYHMHBI 5 M 7] CTaTUCTUYCCKH

HE3aBUCUMBIMU.
Pewenue: ] Toro, 4To0bI MPOBEPUTH YCIOBHE CTaTUCTUYECKON HE3a-

sucumoct  P(E=Xj,n= yj) =P(&=x)-P(n= yj) , i,j=12, HeobxommMmoO
HAWTH YacTHBIE pacTpefeneHus A caydaiHeIX BenmuuH & U 7]. DTH pac-

MNpCcaciaCHuA JCTKO HAWTHU 10 MaTpuue pacipeaciIiCHUA C. B. (5177) , UCIIOJIb-

3ys cnenytomue Gopmynst: Pj =P(&=X) =2 pjj u qj =Pn=yj)=2pij -
i i
Jlnst ciy4aiiHoM BETUUUHEl & MOIy4aeM CIeayIOLIee PacupeaeeHue:

2
pL=P(E=x)=P(=-7)= 3 p=015+0,6=0,75;
j=1

2
Py =P(E=X)=P(£=9)= Y p,j=0,05+0,2=0,25.
=1

JIJ1s1 cimydaliHOM BEJIMYMHBI 7] TIOJy4aeM CIEIYIONIEE paclpeieICHUE:

2
Q1=P(77=Y1)=P(77=8)=_lei1=0,15+0,05=0,2;
i=

2

G =P(7=Y2) =Pl =19)= 3. piy =06 +02=08.

Jlanee mpoBepsieM yCJIOBHE CTaTUCTUYECKON He3aBUCUMOCTH. M3 Tabmu-
sl pacnpenenenus c. B. (£,77) umeem: P(E=X,m=Y;)=p;1=0,15

C 1pyroii CTOPOHBI, UCIIOBL3Ys TOJyYEHHBIE pacipeiesIeHus s ¢. B. &
u 7 naxomum:P(E=X)-P(n=Yy1)=p- 4 =0,75-0,2=0,15. Takum o6pa-
30M, noitydaem, uto cipasewnso P(E=X,n=Y1)=P(E=X) -P(n=Yyy).
AHaIOrMYHO OCYIIECTBIIIEM OCTABIIMECS IPOBEPKU M B UTOTE MOJIyYAEM:

P(E=x.,n=Y2)=P(&=x)-P(n=Y2),

P(E=x2,7=y1)=P(£=X2)-P(n=¥1),

P(E=X2,7=Y2)=P(=Xx2)-P(1=Y2).
To ecThb yClIOBHE CTATUCTHYECKOM HE3aBUCHMOCTH BBIMTOJHIETCS JJIS BCEX
I, ] =1,2 u cayuaiiHble BenMUMHBL. & U 7] CTATHCTHYECKH HE3aBHCHMBI.
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2.3. 3agaum I CAMOCTOSITEJIbHOTO PellleHusl
3aoaua 2.3.1. 3agana maTtpuna pacrupeaencHus: IByMEPHOU CIydyailHOM
seanuunsl (£,77).

. Sl 219
1 a |0.06
15 10241 05

Haiitu HemsBecTHBI mapameTp &, NOCTPOUTH COBMECTHYIO HMHTErPAIBbHYIO
(GYHKIUIO pacnpenesieHus an (X,Y) m uacTHBle MHTerpanbHbIE (GYHKIHH

pacnpe/eIeHus Ff (X) u Fn(y).
3aodaua 2.3.2. Marpuua pacupenenenus c. B. (£,77) umeer Bun:

n 0 1 2

-1 0.2 {017 0,1

2 0.25| a (0,03

HaiiTn Hens3BeCTHBI mapameTp &, NOCTPOUTH COBMECTHYIO HHTErPAIbHYIO
(YHKIUIO pacipeeIeHUs an (X,¥) m uacTHBle MHTerpanbHbIE (GYHKIHH

pacnipenenerus (X) u Fn(y).

3aoaua 2.3.3. B ypue 5 mapos: 3 Genbix u 2 yepHbIx. [IponsBogutcs
JIBE TIOCIIEJIOBATEIHHBIX BHIOOPKH 0€3 BO3BpPAIICHUS KaKIIbIi pa3 Mo JBa Iia-
pa. Onpeenensl ABe CIy4alHble BEIUUUHLI ¢ - YHUCIIO OENbIX IApoB B Hep-

BOM BBIOOpKE M 7] - 4HMCJIO OENbIX MapoB BO BTOpoil BhIOOpke. IlocTponth
COBMECTHYIO MHTETPaIbHYI0 QYHKIIUIO paCTIPEICICHHUS an (X, y).

3aoaua 2.3.4. B smuke 6 mapoB, Ha ABYX U3 HUX HamucaHa mudpa «1»
U Ha yeTelpex HamucaHa uudppa «2». OguH 3a IpyruM 0e3 BO3BpalICHUS
HayJlady BBIHUMAIOT JiBa mmapa. HaliTu coBMECTHOE pacnpenesieHue IByMep-
HOM ciydaiinoit Benmmuunsl (£,77), roe c. B. & - undpa Ha IEPBOM U3BIICUEH-

HOM IIape, a ¢. B. 7} - nudpa Ha BTOPOM U3BJICYCHHOM IIIape.

3aoaua 2.3.5. B xomenbke Jexar 8 mATUPYOJICBBIX MOHET U 6 TBYXpYyO-
neBbiX. Haymauy Oe3 Bo3BpallleHHs OJHY 3a APYroi BRIHUMAIOT JBE MOHETHI.
Haiitu coBMecTHOE pacnpesenenne ciaydaitnoi senmaunsl (£,7), rae . B. &
- IOCTOMHCTBO MIEPBOi MOHETHI, a C. B. 7] - JOCTOUHCTBO BTOPOH MOHETHI.

3aoaua 2.3.6. V3 12 notepeitHbIx OMIETOB 4 BBIUTPHINIHBIX. [[BOE BBITS-
TUBAIOT TI0 OWJIETY, CHAaYasia TSHET MEePBbIi UTPOK, 3aTeM BTOopoit. Omnpexerne-
HBI [IBE CIIy4aiiHble BEIUUUHLI ¢ - YMCIIO BBEIMIPHIMIHBIX OUIIETOB y MEPBOIO
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UTPOKA U 7] - YUCJIO BBIUTPHIIIHBIX OMIIETOB y BTOpOro urpoka. [loctpouts
COBMECTHYIO MHTETPAJIbHYIO (PYHKIIHIO paclpeieeHUs] an (x,Y).

3aoaua 2.3.7. JIBoe CTpEeNKOB MPOU3BOASIT MO ABa BbicTpena. CTpensioT
OHHM HE3aBHUCHUMO JAPYT OT Jpyra, IpUYeM KaXIbld BBICTPEN HE 3aBHCHT OT
npeapaymero. BeposTHOCTh nmonasaHusi NEpBOro CTPEiKa MPU OJHOM BBI-
crpenie paBHa Pq, Broporo — Po. Ompe/esieHsl ABe Cly4ailHble BETHUUHBI &
- YKCJIO MONaJaHuil IepBOTO CTPENKa, 7] - YUCIO MOMaJaHuil BTOPOTO CTPE-
ka. Halitu coBMecTHOE pacrpeneneHue IBYMEPHOM CIIy4YallHOW BEJIMYWHBI
(&)

3aoaua 2.3.8. Matpuia pacnpeaciiecHuss TBYMEPHOW CIydaifHOW BEJIH-
upnel (£,7) umeer Bux;

j,;,’5-101

0 0,1 0.15] 0.2

3 0,15]0,25|0,15

Haiitu nnTerpanbuyto QyHKIHMIO pacipeaeaeHus Ffﬂ (X,¥) nBymepHoit ciy-

vaiinoi Beanuunsl (£,77) 1 YacTHBIE PAIBI pacIpeNeNeHus . B. & U 17.

3aoaua 2.3.9. 3agana matpuiia pactupeaeneHus: IByMEPHOU CIydaiHOM
seanuunsl (£,77).

7 Sl a2 s
0 |01]02]01
11 | 03 |0.25]005

Halitu Bce yacTHbIE 3aKOHBI PACIPENENIEHUs C. B & M 7] W MPOBEPUTH OTH
CJIy4aliHbIE€ BEJIMYMHBI HA CTATUCTUYECKYIO HE3aBUCUMOCTb.

3aoaua 2.3.10. MaTpuria pacupeeieHus C. B. (&,1) umeer Bux:

7 Sl 6 |12
3 1007] a
2.5 043013

Haiiti Hen3BECTHBIN ITapamMeTp & U BBISICHUTD, SIBJIIOTCS JIU CIIyYalHbIE Be-
ymanHbl £ W 7] CTATHCTUYECKH HE3aBUCHMBIMH.
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3. Yncnosble xapakKTepUCTUKU ABYMEPHbIX Clly4YalHbIX BENTMYUH

3aHsATHE IMOCBAIICHO YHUCIOBBIM XapaKTCPUCTUKAM MHOTOMCPHBIX CﬂyqaﬁHLIX
BCIINYHH.

3.1. Kpartkue TeopeTuyeckne cBeJIeHUsA

Hamomuunm, 4TO MHOTOMEPHOM CIIly4YalHOM BEJIMYUHOMN
(&G (@), & (w),.... & (@) aBnsercs ynopsamodeHHON cHCTEMOM U3 N OHOMEp-
HBIX citydaitaeix Bemnund & (0),& (®),..., & (@), 3ananubx Ha oHOM Bepo-
ATHOCTHOM IPOCTPAHCTBE (Q,5,P(v)). Orobpaxenue BHJIA

(G(w), 5 (),....50 (@) : Q— R" u coBmecTHas uHTerpanbHas GyHKIHS pac-

NIPEAEIEHUS SIBISAIOTCS MMOJHBIMU U UCYEPIIBIBAIOIIMMH XapAKTEPUCTUKAMHU N-
MEpHOM ciydyaiiHOM BeaWYHHbI. OJHAKO, 3T XapaKTEPUCTHUKH, KaK MPaBUJIO,
SBJIAIOTCS CJIOXHBIMH U TPOMO3JKMMH MAaT€MAaTHYE€CKUMHU OOBEKTaMH, IO-
TOMY Ha MPAKTHUKE YACTO HCHOJB3YIOT YUCIOBBIE XAPAKTEPUCTUKU MHOTO-
MEpHOHM CIy4ailHO! BEJIWYUHBI, TMO3BOJISIIONIME MPUOJIMKEHHO OIUCHIBATh
HanmOoJiee CyIIECTBEHHbIE OCOOEHHOCTH €€ 3aKOHOB pacmpeneneHus. Hiuoke
OCTaHOBHUMCS Ha HanOoJiee BaXKHBIX YHUCIOBBIX XapaKTEPUCTHKAX, TAKUX Kak,
MaTEeMaTUYECKOE 0XKUIAHUE, JUCIIEPCUs] U KOPPEIALIMOHHBIE MOMEHTHI.

Jlanee, 1U1s MPOCTOTHI OYIEM PaccMaTpUBaTh Caydail N = 2, T.e. JByMep-
HyIO ciaydaiinyio seanuuny (£,77).

MartemaTudeckum oxuganmem M(E,77) nBymepHoii cay4aiiHoii Be-

2
anuunbl  (&,7) sABIsgETCA TOUKa ABYXMEPHOro mpocTpanctBa R® Buja
(M&,Mn), rae Bemuunasl ME u M7 — 5T0 MaTeMaTHUeCKHE OKMAAHUS OJ-

HOMEPHBIX CIyYalHBIX BEJIMYUH & M 77 COOTBETCTBEHHO.

[Ipennonoxum, uto ussectHo pacnpenenenne {pjj:i,j=12,.} nsy-
MEPHOIl  JAMCKPETHOH  CJyYailHOH  BeJHYHHBI (&n), rme
pij =P =X.7=Yj) u Se{x.Xp,..}, me{y1,Yp,...}. Mycts 3anana eme n

cayuaiinas Beymunna ¢ =((&,77), roe g(X,Yy): R% -5 R - 0/HO3HAYHOE OTOD-

paxkenue. Tormga mMaTeMaTH4deckoe OXKHIAAHME CIAYYalHOH BeJUYHUHbI
¢ =0(&,n) BelaMCHsgETCS CIELYIOMMM 00pa3oM:

Me=Mg(&.)=3, X g04.Yj) Py com (61) - amexpersas ony-
i=1]j=

4aiiHas Benu4MHa ¥ 3a1aHo ee pacnpenenenne {Pjj 1, J =1,2,..};

—+00 +00

Mg =Mg(&,m)= [ [ 9(xy)fg,(x y)dxdy, ecmu (5,77) - Hempepbis-

—00 —00

Has CllyJaiiHas BEIMUYMHA M 3a/aHa €€ IIIOTHOCTh f n (X,Y).
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MartemMaTH4eckoe 0KMIAHNE U JUCIIEPCHA KAKI0H M3 OJHOMEPHbIX AHC-
KPETHBIX CIyYaWHBIX BeJIMYMH & U 77 OyIeT BHIYMCIATHCS 10 (GOpMyIam:

o O o0 0O
ME=2 2 Xipjj u M= 2 > YjBij;
i=1j=1 J=1i=1

D=2 2 (i —M&)"pjj u D=2 > (yj —Mn)" pjj -
1=1j=1 ]=1i=1
[Ipeamonoxum, 4TO 3aJaHa IUIOTHOCTh PACIPEACICHUS ffﬂ (X,y) aBy-

MepHOIi HenpepbLIBHOI cayuaiinoil Beauuunnl (£,77). Torna maremarnye-

CKOe OKMIaHWe W JNCIEePCUsi KaKI0i W3 OJHOMEPHBIX HeNpepbIBHBIX
CJIyYaWHBIX BEJIHYUH & 1 77 OyJeT BRIYUCIATHCS 10 (OopMyJIaMm:

00+ +00+00
M&= [ [ xfep (X, y)dxdy u M= [ [ yfg, (X, y)dxdy;
00 +00 9 +00 +00 )
D= [ | (x=M&)" g, (x,y)dxdy u D= [ [ (y—Mn)" g (x y)dxdy.

KoppeasinnoHHLIM MOMEHTOM WM KoBapuaumuei COV(S,77) cay4aii-
HBIX BeJau4uH & u 77, npu |[ME|<oo u [M7|<oo HassiBaercs Maremaruye-
CKOE OXKHMJIaHUE MPOM3BEIECHHS OTKJIOHEHHMI 3THX CIYYalHBIX BEJIMYUH OT UX
MaTeMaTH4ecKoro oxuianus, T. e. COV(E,77) = M[(E —ME)(n —Mn)].

Ecmu (£,17) amckpernas aBymepHasi cIydaiiHasi BeJIMYMHA U 33JaHO €€
pacrpeaeneHue {pij 1,]=12,..}, rue Pij =P(&=x,n= yj), TO KOBapHaIus
cov(&,77) seruuciseres o hopmyie Cov(&,77) =3 (% —ME)(Yj —Mn)pjj.

I ]

JIBe CIyuaiiHbIE BEIMYMHBI HA3BIBAIOTCH HEKOPPEIHPOBAHHBLIMHU, €C-
JI1 MX KOPPENSIUOHHEIA MOoMeHT paBeH Hymo (COV(E,77) =0). Mnaue st Be-

JIMYMHBI HA3BIBAIOTCA KOPPEIUPOBAHHBIMH.

Ecmu (£,77) - HenpepbiBHAsi {ByMepHasi cay4aiiHasi BeJIMYHHA C 3a-
nanHoi muoTHOCTBIO pacnipenenennst fe,(X,Y), 10 KoBapuauus cov(&,n)
BBIYHUCTISICTCS 110 popMyrie:

=00 +00

cov(Em)= | [ (x=ME(y—Mn) fz,(x y)dxdy.

—00 —00
CBoiicTBa KOBapUALMH:
e cov(&,77)=cov(n,$);

e cov($,8)=D¢, cov(n,n7)=Dn;
18



® eCiM JUIS CIOydYalHBIX BeNMYMH & W 77 CYIIECTBYET BEJIMUMHA
cov(&,n), TO M(&-n) =ME-Mn +cov(&,n), W
cov(&,n) =M(¢ ) —ME - My,

® eCM JUIS CIOydYalHBIX BeJMYMH & W 77 CYIIECTBYET BEJIMYMHA

cov(&,n) #—wo, o D(E+n)=DE+Dn+2cov(é,n);

® €CIU CIlyYaiHble BENUYUHBI &f,&9,...,& ABISIOTCS MOMAPHO HEKOPpE-
n n n n
nmupoBanHeIMK, TO D(Y &)= > D& u M(J]&)=[1MS -
i=1 i=1 i=1 i=1

Ko puuuentom xoppeasiuuu COIt(&,7) caydainbix Beanuun & u
n mpu 0<o(&) <o u 0<o(n) <o HasbpiBaeTCA OTHOLIEHHE KOBapHALUM K
NPOU3BENEHUIO MX CPEAHUX KBAaJApPATUUECKUX  OTKIOHEHWH, T. €.

ot~ 2260

PaccenBanne N-MEPHOM CIydaliHOM BEIMUYMHEI & = (§1’§2""’§n) HEJIb3S
oxapaktepusoBaTh BekropoM (D&,D&y,...,D&,) us nucnepenii cnyuaiimbix

BenmauH &,&9,...,&, Tak Kak pa3dpoc NOIDKEH M3MEPATHCS HEKOTOPHIM He-
OTPULIATEBHBIM YHCIIOM.

JAucnepcuro Db(é:) MHOTOMEPHO# CJIy4alHON BeJHYHHBI & MOXKHO
ONPEAECIUTh B  HANPABICHUH MPOU3BOJIBHOTO E€IMHUYHOIO  BEKTOpPa

b=(by,by,....00), tae (0)? + () +...+ (by)? =1. poexums (&,b) mo-

rOMEPHOM CIy4aiiHO#M BeanuMHbl ¢ Ha HANpaBEHUE, ONPEAEIIEMOE BEKTO-

n
pom b pasma @(&,b)= > bé . Ana aucmepcum ciaydailHOM BETHIWHBI
k=1

n n
@(&,b) umeer mecto coorromenune: Dp(E,b) =Y > bib jCOV(&i &)
i=1j=1

[Ipu BHIOPAaHHOM HANpaBIEHUM €IMHUYHOTO BeKTOopa b amcmepcus
Dy () muoromepnoii cayuaiinoii Bemmunnnl & =(&,&7,...,&,) pasna auc-
nepcuu D@(&,b) cayuaaiinoii senmuunnsr @(&£,b), 1. €.

n n
Dp($) =De(&,b) = _Zl _Zlbibj cov($i.<j) -
|= J:

Urak, aucnepcuto Dp(E) MoxHO BBIUMCIUTE yepes daeMeHTHI Kij.i, j=1n

KOBapuaLHOHHOI (koppeasiuuonnoii) marpuusl K(&), cm. puc. 3.1.
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(eov(z, &) covigly) .o cov(E,E,))
K(@:jcmﬁriﬂ' cov(Ey, £y) . eovEy L) |
loov(z, 2) covE, ) . cov(e,E,)]

Puc. 3.1

Marpuna K(&) sBnsercs cuMMeTpHYHON ¥ HEOTPULATENLHO OIPENEICHHOIN.

B Tom ClIydac, Koraa KOMIIOHCHTBI n-MepHOﬁ cnyqaﬁHoﬁ BCJIMYHUHBI ITIOIIAPHO
HCKOPPCIIMPOBAHLI, KOBAPHAIIMOHHAA MaTpHIld 6y,ZleT ﬂHaFOHaHBHOﬁ 151

kij =cov(&j, i) =Dd,i =1n. Orcrona 0Ty IaeM:

Dp (&) = (1) D& + (02)° D&y +... + (by) D&y

3.2. Ilpumepsl pelieHust 3aga4

Hpumep 3.2.1. Jluckpernas ciydaiinas seanuuna (£,7) 3amaHa Ta6mu-
e pacnpeaeacHus:

E
=

n 0 1 2 3

0 1/8 0 0 0

1 1/4 1 18| 0 0

2 1/6 | 1/6 | 124 0

3 1/27 | 1/18 | 1/36 | 1/216

Tpebyerca naiitu ME, Mn, D&, Dn, M(+7) u nocrponTs KoBapuanu-
OHHYIO MaTpPHILY.

Pewenue: JIna toro, uro6sl Beruucaute ME, Mn, D&, Dn, naiinem
CHauaja uYacTHble pacnpeneneHus & ® 77, UCHONB3ysS  (OPMYJIbI

pi =P(§=%)=2pjj u dj =P(7=Y;) =2 pjj. rae Pjj =P(E=X,m1=Yj).
j i

JIi1st cliydaifHOM BEMYUHBL & Psi| paclpeesieHus UMEET BUI:

E=X 0 1 2 3

P(& =) | 125/216 | 75/216 | 15/216 | 1/216
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Jns ciydallHOW BENIMYMHBI 77 PSi pACIPENEICHNS] UMEET BUJL:

n=Y; 0 1 2 3

P(=y;) | 27/216 | 811216 | 81/216 | 27/216

BBI'-II/ICJ'IHCM MATECMATHYCCKUEC OXUIAHUSA U I[I/ICHepCI/II/I CﬂyqaﬁHBIX BCJIMUUH
sun:

4
M§=inpi=0-%+l-ﬁ+2~ 15 +3- 1 :108;
i=1 216 216 216 216 216

4
Mp= 3 yiq; 020 41. 8L p 8L 5 27 324 3
=) 216~ 216~ 216 216 216 2

— —+

4
ME P2y 2. 12,2 75 2 15 o 1 1442
i—1 216 216 216 216 216 3

216 216 216 216 216

4
Mn® =3 yj“a;

]=1

2
=M - e =21 -

P N S A
Dn=M(n")-(Mmn)" =3 (2) =1

s eraucnenus M(E+7) Bocmonb3yeMcs CBOWCTBAMH MAaTeMAaTHYECKOTO

oxuganus: M(E+n)=ME+Mn =%+g=l.

Jlanee CTpOMM KOBAPHMALMOHHYK) MAaTpULy, Ul 3TOTO BOCIOJIB3YEMCS
CBOMCTBaMU KOBapHaluu:

CoV(E, ) = Dé =%;

3
COV(n,n)=Df7=Z;

cov(&,n) =cov(,$) =M(& - ) —MS M.

Jns Beraucnenns M(E -77) Bocnonb3yeMmcs ciaeayromei GopMyItoi:
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Mg(&,n7) = Z 2 g(xi’Yj)pijs?’ﬂeCB g(x,y)=x-y.
i=1j=1
4

4

M(S-n) = 2121X.y,P(§ Xi,m=Yj)= lelxmpu =X Y1P11 + X1Y2 P12 +
1=1] =1]=

+X1Y3P13 + X Y4 P14 + X2Y1 P21 + X2Y2 P22 + X2Y3P23 + Xo2Y4 P24 + X3Y1P31 +

+X3Y2P32 + X3Y3P33 + X3Y4 P34 + Xa4Y1P41 + X4Y2 P42 + X4Y3P43 + X4Y4 P44 =

:0-0-1+O-1-1+0-2-1+0-3-i+1-0-0+1-1-1+1-2-1+1-3-i+
8 4 6 27 8 6 18

+2-O-O+2-1-O+2-2-i+2-3-i+3-0-0+3-1-0+3-2-0+
24 36
+3-3- i:%
216 24
13 1
Orcrona cov(&,n)=cov(n,&)=1-=-—==.
2 2 4
OxoHYaTEeIBHO KOBapHalvOHHas1 MaTprlla UMCCT BU/I:
5 1
cov(&,8) cov(&m)) |12 4
K(&,m) = = :
cov(¢,n) cov(mn)) |1 3
4 4
Marpuua K(&,7) nonyunnace cummerpuunoii. IIpoBepuM, sBIISETCS 1M OHA
HCOTPHULATCIIbHO onpeaeneHHoﬁ. Brrauciasiem OIIpCACIUTCIIb:
535 1114 3 1,
12 4 4 4 48 48 4
108 3 5 3
o :Mé=—— Mp==,Dé=—, Dn=—, M(£+71)=1,
meem: ME 216 n 5 g o n 2 (&+n)
> 1
12 4
K(&,n) = ,
(&) 103
4 4

Hpumep 3.2.2. CnyuaiiHple BeInuuHbl ¢ U 1) He3aBUCHMBL M3BecTHO,
yto c. B. & sBnserca (1,2) - HopmanbHOH, a c. B. 1] pacnpeselieHa paBHO-
mepHo Ha otpeske [0,2]. Tpebyerca Berumcamts ME, Mn, M(&,n),
M(&-7), D(E—n), corr(&,17) u nocTpouTh KOBApHALIMOHHYIO MATPUILY.

Pewenue: Tak xak BUJ pactpeeleHus I caydailHbIX BemuuuH & u 7]
M3BECTEH, TO MOYKHO 3aIIUCATh BBIPAKEHUS [T IUIOTHOCTEN PACIIPEICIICHUSA:
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1 (x —1)2
f = - ,—
g(X) Zmexp{ 3 } < X< 40 U

1 .
fﬂ(Y)= E! yE[O,Z],

0 yg[0,2].

[IpyyemM MOXHO BOCIIOIB30BaThCA TOTOBBIMU (OpMYyJIaMu JJisi HAXOXKICHUS
MaTeMATUYECKMX OKMIAHUM M JUCIIEPCUI CITydaiHBIX BeInuuH & 1 1]

Mé=1, DE=2° =4

M(S,77) =(M& Mn)=(11).

Ina maxoxnenns M(E—n) n D(E—n) Bocnomesyemcs cBolicTBamMu
MAaTEMaTUYECKOTO OKUIAHUS U JUCIIEPCHUH.

M(S -n)=M&-Mn=1-1=0,

D(& —17) =M(& —17)? —(M(& - 7))”. Beramcmam M(E —17)2:
M(E - 7)? =M(£% = 2En + %) =ME? —2ME- My + Mp?.

DE=M(£%) - (ME)?, orciona M(£2) =(ME)2+DE=4+1% =5, ana-
JIOTUYHO M(I]z) = (Miy)2+D77 :12 + 1 — 4

3 3

Orcronma HaxomuM, yto M(& — 77)2 =5-2-1.1+ g =3 Teneps MOXHO

1 1
BBIUMCINTH aucriepcuio D(E —77) = 33 _0%= 53 .

Ctponm KOBapUallMOHHYIO MaTPHILY, UCOJIb3Ysl CBOMCTBA KOBAPHUAIIUH:

cov(&,&) =D& =4; cov(n,n)zD;;:%;

cov(&,n) =cov(n,E) =M(E-n7) —ME-Mn =0, Tak kak cirydaiiHble BeIUUH-

HEl & ¥ 1] He3aBUCUMBIE.

K(én):(COV(éf) COV(é,n)] )

cov(&,n) cov(n,n)

wlr— O
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Marpuna K(&,7) nonyumnacse cuMMeTpHYHOM K TOIOKUTEIBHO OMPEIEICH-
HOM. Beruncnum kosdduument koppensiiuu COrr(&,n):

covign) _ O 0.
o) atn  p. \F
3

Omeem: ME=1,  Mnp=1  M(En)=011Y), M(-7n)=0,

corr(&,n) =

4 0
D(-n) = K(Em)=| | 1|, corr(&m)=0.
3

Ilpumep 3.2.3. Kakve u3 npuBEICHHBIX HIDKE MATPUIl MOTYT, a KaKHUEe HE
MOTYT ObITh KOBAPUALMOHHBIMH JIs cltydaitHoro Bektopa (&,&p,&3):

100 011
1) Kq(&,6.,8)=10 1 0|,2) Ko(&,5,8)=|10 1|7
001 110

Pewenue: HpOBepI/IM, SABJIAIOTCA JIM JaHHBIC MaTpUbl CUMMCETPUYIHBIMU
N HCOTPpHULIATCIBbHO OIIPCACICHHBIMU.

100
1) Matpuna Kq(&,£7,83)=|0 1 0| cummerpuunas. IIpoBepum HeoT-
001
pPHUIIATENBHYIO ONPEACIICHHOCTh. BBIYMCIINM TIaBHBIE MHHOPBI:

1-0=1>0,
1-0=1>0,
1+0+0-0-0-0=1>0.

['maBHBIE MUHOPBI MOJIOKUTEIBHBIC, CIIETOBATEIHHO, MaTpUIIA SBIISETCA T1O-
JIOKHUTENBHO omnpezeneHHon. 3HaunT, Marpuna Kq (&, &>, E3) Moxer aBiaTh-

Cs1 KOBAPUALIMOHHOM.

011
2) Marpuna Ko(&,¢2,£3)=[1 0 1| Taxke sBIsercs cHMMETpPHUUHOIN.
110
BBIUKCIIUM TJIaBHBIE MUHOPBI:
0-1=-1<0,
0-1=-1<0,

0+1+1-0-0-0=2>0.
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YcnoBue HEOTPULATENBHONW ONPEIEIEHHOCTH HApYIIEHO, TaK KaK CYLIECTBY-
€T OTPHULATENbHbIN ITTaBHBI MUHOP, ciieioBaTensHo, Matpuna Ko (&,8,83)
HE MOXKET SBJISITHCS KOBAPUAIITMOHHOM.

Omegem: 1) na, 2) HeT.

3.3. 3az[aqn A CAMOCTOATEJIBHOTO PEIICHU A

3aoaua 3.3.1. Kakue u3 npuBeIeHHBIX HUKE MAaTPUIl MOTYT, a Kakue He
MOTYT OBITh KOBApUAIIMOHHBIMY JUIs cltydaiinoro Bextopa (&,&,83):

111 111
1) K1(4,6,5) =11 1|,2) Ky(&,5,5)=|-1 112
111 1-11

3aoaua 3.3.2. Kakue u3 npuBeIEHHBIX HUKE MATPHIl MOTYT, a KakKue He
MOTYT OBITh KOBApUAIMOHHBIMY JUIs cltydaiinoro Bexkropa (&,5,83):

123 223
1) K1(&,6.,8)=]2 3 4|,2) Ko(&.,5,85)=|2 4 4|2
345 345

3aoaua 3.3.3. Ilpy kakux 3HAYCHUAX X CYIIECTBYET CIIyYalHBIN BEKTOD
1 x X

(&1,£2,£3) ¢ xopapuanmonnoii matpuueii | X 1 X [?
X x 1

3aoaua 3.3.4. Ilpu Kakux 3HAYEHUSIX X CYIIECTBYET CIIy4YalHBIN BEKTOP
1 x =X
(&,62,83) ¢ xopapuanuonHoii matpuneit | X 1 X |?
-x x 1

3ao0aua 3.3.5. Jluckpernas ciydaiinas seamuuna (£,77) 3amana TaGu-
[IeN pacupeaeieHus:

7 g 2 5 8

0.4 0,15 0,3 0,35

0.8 0.05 0.12 0.03

Haiiru D&, D7, M(&,n7), M(E-7) m mocTpouTs KOBapHALIMOHHYIO MATpH-
my.
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3aodaua 3.3.6. Pacnpenenenue ciayuaiinoro sekropa (&,77) 3amano Tab-
JIALIEH:

E
=

n 3 6

10 0.25 0.1

14 0,15 0,05

18 0.32 0.13

Haittu D&, Dn, M(&,n) u cov(&,n), corr(&,n).

3aoaua 3.3.7. V3BecTHO, 4TO ABYyMEpHas CiaydaiiHod Benuuuubl (£,7)
ABJIAETCA HOpManbHOM, npuueM M&E=-2, M7 =3 u marpuna KoBapuanuu

16 12
umeer Bun K(&,77)= 19 25

pacnpenenenus c. B. (£,77).

J. HpI/IBeCTI/I BBIPpAKCHUC I IINIOTHOCTH

3aoaua 3.3.8. ]IByMepHas ciydaiiHasi BEJIMYMHA TOJYMHEHA 3aKOHY pac-

Axy, (x,y)eD
0, (xy)gD’
D={(x,y):x+y<1,x>0,y>0}. Haitru A, M&, Mn, D&, Dy, cov(¢,n),
corr(&,n).

3aoaua 3.3.9. Ciyuaiinpie BeTMIuHbl & U 77 HE3aBUCHUMBI M paBHOMED-

npeaeaeHus c IUIOTHOCTBIO f én (x,y)= { IPIS

Ho pacnpenenensl Ha orpeske [0,1]. Haiitu M(&,77), M(& — 77)2 ¥ TIOCTPOUTH
xoBapuanuonnyro marpuny K(&,7).

3ao0aua 3.3.10. Cnyuaiinpie BequuuHbl & W 77 HE3aBUCHMbBI M MMEKOT
HopManbHOe pacnpenenenue, npuauem ME=Mn=0, DE=4, Dn=9. Bu-
aucute COV(S,77), Corr(g,7), M(S—7), D(E-n).
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4. ®yHKUMOHalbHble 3aBUCUMOCTU ABYMEPHbIX CNy4YanHbIX
BeNUYUH

3aHsATHE TOCBAIICHO (DYHKIIMOHAIBHON 3aBUCUMOCTH OT IBYMEPHBIX CITydai-
HBIX BEJIMYUH.

4.1. Kparkue TeopeTudeckue cBeJIeHUs

[TpakTrueckoe 3aHATHE 5 OBLIO MOCBAUICHO HECITYYalHBIM (YHKIIUSIM OT
OJTHOMEPHBIX CIIy4ailHbIX BEJIMYHMH, Ha JAHHOM MPAKTUYECKOM 3aHATUE 3Ta
K€ TeMa pacCMaTpUBAETCA B KOHTEKCTE N-MEPHBIX CIy4YalHbIX BeauuuH. Jla-
jee OyJIeM paccMaTpuBaTh caMblii IpocToil ciayyail N =2. Teopernueckue
CBEJICHUS TSI OOIIETOo cirydasi mpuBeaeHsl B [1] u [2].

I[TycTh Ha OCHOBHOM BeposTHocTHOM npoctpanctse (€, 75, P(¢)) onpene-
JNieHa JByMepHas ciydaiinas Benumuuna (&,&p) ¢ MHTErpanbHON (yHKIMEH
pacrpeaeIeHus F§1§2 (X,¥)=P(& <X, <Y) u 3amaHo m3mepumMoe 0ToOpa-

xenne g(X,Y): R? > R. Ha ToM e npoctparctee (€, :5,P(+)) BBOMUTCS B
paccMOTpeHHe OJHOMEpHas CllydaiiHas BenumunHa Buna 77 =g(&,&y) ¢ unTe-

rpajbHOU byHKIHEH pacnpeneneHus
F,7(z) =P(n<2z)=P(g(X,y)<z),—0<Z<+w0,

Homyctum, (&,&») sABIAeTCS ABYMEPHOH IHCKPETHOMH CiIy4aiHOI
BEJIMYMHOW C pacrpeieicHueM P(flzxi,ézzyj):pij,i,j:1,2,..., e
cilyyailHas BenuuuHa & NPUHMMAET 3HAUEHHE U3 CUETHOIO MHOXECTBa

{X1,X2,...} u c. B. & mpuHHMaeT 3HaYeHHE U3 MHOXeCTBa {Y1,Y7,...}. Torna
HHTerpajbHasi (yHKUMS pacnpeneeHust F,7 (z2) cimy4yaliHOM BETUYHHBI

1 =0(&,&y) onpexnensercs cieayomuM 00pa3oMm:
R @ =P<2)=P(g(G.&)<)= X pij, me B® - Gope-
i, j:(%,y})<B
JIeBCcKas ¢ -anredpa B R u B2 ={(x, yj) 19X, yj)< Z},—0< Z < +00.

Ecmu (&,&p) sBnsercst AByMepHO# HeNpepbIBHOM cIy4YaiHOI BeJiH-
YHHOM C IUIOTHOCTHIO pactpeznencHus f & (X, y),—00 < X < +00,—00 < Y < +00
TO MHTerpajabHas GyHKuus pacnpenenenus F, (z) c. 8. 7=0(5,5) Boi-
YHUCIIAETCS CIETYIOIUM 00pa3oM:

F,(2)=P(n<2)=P(9(&,52) <2)= ”2 fe e, (x, y)dxdy, e B? - takxke
B

SIBJISIETCS OopeneBcKon o -anredpon B R? u

B? ={(x,¥):9(x,y) <z},—0<z<+0.
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PaccMOTpUM  OTAENBHO CHTyallMio, KOrjJa cjaydadHas BeJMYHHA
n=4& +& 1 u3BecTHa MJIOTHOCTh PaCIpeleICHUs f§1§2 (X,¥) mBymepHoii

ciydaitHoit BenmuuuHbl (&1,&>). Torna mHTerpanbsHasi GyHKIUS pacnpese-

F, (2)
JCHUA C. B. 77 6YI[€T ONnpcACIIATLCA COOTHOIICHUCM:

F, (D) =P(& +& <2)= I f2z, (X, y)dxdy =
Bz(z):{(x,y):x+y<z}
+00  Z—X +oo  Z—Y
= [ ( fe e, (x,y)dy)dx= [ (| fe e, (x, y)dx)dy.

Ob6nactb BZ(Z) n3o0paxeHa Ha puc. 4.1.

“ z
— BC x+y=z
\\‘
0 \\ »
e
TNy,
Puc. 4.1

OTcroa HaXo UM IJIOTHOCTH pacnpenaeeHust f,7(Z) CAy4aiiHOH BeJTHYH-
+00 —+00
Hbl 7= +62! ,(2)=F;(2)= | fge, (xz2-X)dx= [ fge (z-y,y)dy.

Ecnu onHOMepHBIE ciiy4yaliHble BeJUYHHBbI & U &) HE3aBHCHMBI, TO

€CTb BBIIIOJIHEHO f(fl(fz (x,y)= f(fl (x)- f & (Y), TO BBIpaXKEHUE I IUIOTHOCTH

pacnpenenenns f,,(z) mpumer cnexyrommit B

(@)= [ fg (N fe, (z—x)dx= | g (z-y)fg, (y)dy.

Mocnemrmne popmynsr s f,(z) eme HasbiBarotes cBeprkoit QynKkumii
f§1 (X) u f§2 (y).

[Tycte & u &y - He3aBUCHMbIC AMCKPETHbIE CIIyYaiiHble BeJUYHHBI C
W3BECTHBIMU  3aKoHamMu  pacmnpenenenus P(& =X),& €{x,%,...} 1
P(& = yj),§2 e{Y1.¥2,...}. Torma pacmpemenceuue c. B. n=¢& +<&, rae

ne{z,2y,...}, MOXKeT OBITh BEIYUCIICHO CIICITYIOIIAM 00pa3oM:

P(7=2) = _§OP(§1 = X)P(& = 7 — %) = _§OP<51 5 - Y)PE = Yi).
i= j=
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Komnos'uuuonuaﬂ ycm ouyuUeOCmMb

CocraBiieHre 3aKOHA pacIpeie]ICHHs] CYMMbI HE3aBUCHMBIX CITy4ailHBIX
BEJIMYMH 10 3aKOHAM paclpeiesieHuUs cllaraéMbIX Ha3bIBaCTCs] KOMIO3HIUEIH
3aKOHOB pacrpe/ieJIeHusl.

Ecnu cymmupyemeble ciiydailHble BEJTMUMHBI HE3aBUCUMBI U paclpeierie-
HBI 110 OJTHOMY U TOMY K€ 3aKOHY (MOJKET OBITh C pa3HBIMH IMapaMeTpaMu), a
MOJTyYeHHasl CyMMa 00J1a/IaeT TeM K€ 3aKOHOM pacIpe/ieieHus, YTO U cJiara-
€MBbI€, TO TOBOPST, YTO pacCMaTPUBAEMOE paclpeeicHHe 00Ia1aeT KOMIIO-
3UIMOHHOM YCTOMYHMBOCTHIO.

VY MHOTMX W3BECTHBIX 3aKOHOB PACIPEICICHHS HAOIIOJAETC KOMIIO3H-
HMOHHASl YCTOMYMBOCTb, HarpuMmep y 3akoHa Ilyaccona, 3akona I'aycca,
OMHOMHAJILHOIO pacnpeaeJeHus 1 JIp.

4.2. Tlpumepbl pelieHus 3a1a4

Ipumep 1. J{j1s HE3aBUCUMBIX CIyYAWHBIX BEJIMYUH & ¥ 7] 3aJaHbI PAJIBI
pacnpeneseHus:

£=x; 0 1 3
p=P(E=x)| 12 3/8 1/8
n= _}J, 0 1

[TocTpouTH s pacrpeaenenus ciydaitnoil Benmuuunsl ¥ =& +17.

Pewenue: CnyualiHas BeaMYMHA ) OyJeT NPUHUMATh 3HAYEHUS W3
muoxkectsa {0, 1, 2, 3, 4}. Tak kak ciy4aiiHble BEIUYMHBI & M 7] HE3aBHUCH-

MBI€, TO BBINOJHsAETCA cooTHOmeHue: P(y =z )= P(E=%)P(n=12¢ — %) =
i

=2.PE =2 —yj)P(n=yj) rne 7 €{0,1,2,3,4}.
J

[TocnenoBaTenbHO HAXOIUM PACIIPEICICHUE CITyYalHOW BETUYUHBL ) !

P(y=0)=P(§=0)P(77=0)=%%=%;

P(y =1) =P(¢ =0)P(y =1) + P(¢ =1)P(5 =0) :%.

wilnN
+
ool w
w|
|\>||—\
NG
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P(y =2)=P(£=0)P(7=2) + P( =1)P( =1) + P(c =2)P( =0) =

—PE=DP( =D =22 =

P(y =3)=P(e=0)P(7=3) + P(E =D)P(n=2) + P(c =2)P( =1) +

+P(£=3)P(=0)=P(E =3)P(y = m-% %ﬁ
P(y = 4) = P(E =0)P( = 4) + P(E =1)P(y =3) + P(£ = 2)P(7 = 2) +

+P(£=3)P(57 =1) + P(£ = 4)P(57 = 0) = P(¢ =3)P(7 = 1)_§ gzé

[TpoBepuM 17151 TOJTYYEHHOTO pacipeiesieHUs CBOMCTBO HOPMUPOBKH:

S 1 11 1 1 1 _4+11+6+1+2 24

P(y=2)==
é%ﬁ U=td=5* % 2" m " 24 o4

OKOHYATENbHO PAI pacHpeleNeHuss ISl CIIyYalhHOW  BEIWYWHBI
y =& + 1 npumer BU:

Y=z 0 1 2 3 4

P(y=2z) 1/6 11/24 1/4 1/24 1/12

Hpumep 2. Jlns nByMepHON QUCKPETHOM ciyuaiinoi seamuunsl (&,77)
3aJlaHa MaTpULA paclpeacIICHUs:

=% |1

-1 0,05 | 0,1

0 0,3 | 0,05

1 0.15 | 0,25

2 0,05 | 0,05

rjae pij =P(§ =X,n=Y j)- Halitu 3ak0oH pacmpeneneHus ClIydaHOW BEJ-

2 2
yuHbl ¥ =77 — &£, BBIUMCIMTL MaTeMaTudeckoe oxupanne MY u Beposr-

Hocts P(y >0).

Pewenue: V3 marpunsl pacnpenenenus c. B. (£,77) IOHATHO, 4TO C. B.
Se{-11} u c. B. ne{-10,1,2}. Orcroma nemaem BHIBOA, YTO C. B.

2 2
y =n° — & npunuMaer BO3MOXHBIE 3Hadenus u3 Mmuoxecrsa {—1,0,3}.
Haitnem pacnpenenenue s Ciy4aliHOW BEJIUYUHBL ) .
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P(y=-1)=P(&* -n° =-) =P{E=-Ln=0pu{E=1n=0}) =
=P{&=-17=0})+P{E=17=0}) = p1p + Ppp =0,3+0,05=0,35;

P(y =0)=P(&2 - =0) =
=P{E=Ln=Bu{=Ln=-Bu{E=-Ln=Bu{E=-1n=-1)=
=P{E=Ln=)+P{c=Ln=-)+P{E=-Ln=1)+
+P{E=-Ln=-1})=po3 + Pr1 + P13+ P11 =0,25+0,1+ 0,15+ 0,05=0,55;
P(y=3)=P(&? -n? =3)=P{E=-Ln =B {e=1n=2)) =
—P{E=-1n=2)+P{&E=07n=2}) = prg + Ppq =0,05+0,05=0,1.

OxoHYaTeNbHO, Psi/i pacpeieNieHus VIS C. B. Y = 772 - 2 pUMET BUJL:

Y =1 -1 0 3

P(y=1) 0,35 0,55 0,1

3
My =Yz -P(y=2)=-1-0,35+0-0,55+3-0,1=—0,05.
i=1

P(y>0)=P(y=0)+P(y=3)=0,55+0,1=0,65.

Ilpumep 3. CoBMeCTHasd IIOTHOCTh PACIPENCIICHUS CIIyYalHBIX BEJIH-

A(X+Y), X, 0,1];
YUH 1] U f UMEET BU/I: ff’] (x,y) ={0( « ;/)_ pri:e[ ] .

Haiitu koHcTanty A, mioTHocTb pacnpenenenus fe (X) c.B. & u mior-
Hocth  pacnpenenenus  f,(z) ¢ B y= max{&,n}, BBUUCIHUTH

P(0,2<y<0,5).

Pewenue: Koncranty A Oyaem HCKaTh U3 YCIOBUS HOPMHPOBKH:

+00 400 11 1 19 1
1= [ [ fe (xy)dxdy =[] A(x+ y)dxdyzAj(Ex +yx)fgdy =
—00—00 00 0

1
1 1 1 of
—A[CE+V)dy=ACyY += — A
(I)(Z y)dy (2y+2y )‘O

Orcroma A=1. Jlaiee BeIYHCISEM f(’e (x).

! 1
=Xx+—=,xe[0,1],
0 2

+00 1
0= ] fey (090 =] (s dy =+ y?)
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Cf00=0 ygfo1]

npu
Jlnst TOoro uToOBl ONPENEIUTH fy(z) c. B. y=max{&,n}, cuauama

HalJIeM MHTErpaibHy0 QYHKIUIO pacTpeeICHUs Fj, (2).

F,(2)=P(y <z)=P((§,n) € D;) = [[ Tz, (x,y)dxdy, rie 06macTh
DZ
D, ={(X,y): X< 2,y < z} 3amrpuxoBana Ha puc. 4.2.

Ya
1

z

Puc. 4.2
npu 2<0 F},(z):O;

Z7 Z7
F (2) =[] Tz, (x,y)dxdy =[] fep (x, y)dxdy = [ [(x + y)dxdy =
mpu 0<z<1 D, 00 00

727 z
=[J(x+ y)dxdy:j(%z2 - yz)dy=%z3 +%z3 =723
00 0

npu Z>1 Fy(z):1.

(2)

F
OkoHYaTeNbHO, 1/ I10JIy4Ya€M BBIpaKE€HUE:
0, z2<0;
Fy(z) = 23,O< z<1;
1 z>1.

Hanee nmem motnocts pacnpenenenns f,(z) c. B. 7 no Qopmyne

322,26[0,1];
0, z¢[01].

dF, (z)

f,(2)= e :{
dz | g urore momyuaem:
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P(0,2<y<0,5)=P(0,2<y<0,5=F,(0,5) - F, (0,2)=0,5° - 0,2° =0,117.

4.3. 3az[aqn A CAMOCTOATEJIBHOTO PCIICHU A

3aoaua 4.3.1. Jlns nByMepHOW AMCKPETHOM CiIy4yailHOW BEIHMYMHBI
(£,17) usBecTHA MaTpULAa pacIpeneNeHNs:

e 0|12

-1 02 017 0,1

0 0,15|0,05| 0,03

1 0,1 /0,01|0,19

. - 2
HaiiTi 3aKOH pacrpeelieHust CIy4aiHol BeIMYrHbl ¥ =& — 1, BBIYMCIINTE
seposiTHOocTh P(y <1) m Marematnyeckoe oxuganue My .

3aoaua 4.3.2. Tlycte & u &» - AUCKpETHBIE CIydailHbIE BEITMYMHBI,
pacnpenenennsie 10 3akoHy Ilyaccona ¢ mapamerpamu A1 u Ao coorser-

ctBeHHo. Halitu 3akon pacnipenenenus mis ¢. B. 7 =& + &5,

3aoaua 4.3.3. IIpoBepUTh KOMIIO3UIIMOHHYIO YCTOMYUBOCTD JIJIsl 3aKOHA
pacnpenenenus ["aycca.

3aoaua 4.3.4. Cnyuqaiinas touka (&1,&p) paBHOMEPHO pacmpeseiieHa
BHYTPM E€IUMHUYHOIO KBajpaTa. HaWTm 3akoH pacmpenesneHus IUIOWamud 7
IPSIMOYTOJIBHUKA CO CTOpoHamMu & U &o .

3aoaua 4.3.5. Ilycts & v 17 - HE3aBUCHUMBIE CIydYalHbIE BETUYMHBI C M3-
BECTHBIMH 3aKkoHamu pacnpeneierns: P(E=i)=(l—a)a',i>0,0<a<l u

P(n=)=01- b)bj , ]20,0<b<1. HaiiTi 3aK0H pacrpeaeieHust CIyJaiHom
Beanuunsl ¥ =& +17.

3aoaua 4.3.6. Jlns nByMepHOW AMCKPETHOW CIy4ailHOW BEJIMYMHBI
(&,77) m3BecTHA MaTpHLA pacHpeeICHHUS:

S | 1o |13

1 0,2 {0,17| 0,1 | 0,05

2 0,15 (0,05| 0,03 | 0,25

Haittu 3ak0HBI pacupeaeneHust Clly4aiHbIX BEJIUUYUH ) = |§ - 77| , v=2&—n.
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3adaua 4.3.7. HezaBucumble ciaydaiiHble BEIMYMHBLL & U 7] UMEIOT Clle-
TYFOIIHE PSJIBI PACTIPEACIICHUS

§=Xi -1 1

P(E=x)| 03 0,7

P(r=y;)| 01 0,2 0,4 0,3

[TocTpouTh psA pactpenesicHus] CIy4YalHOM BEJIMYMHBL ) = |§ + 77| Y BBIYHC-

JIUTH MaTeMaTHYeCKoe Oxuganue My .
3aoaua 4.3.8. [Isymepnas caydaiinas senmmunna (£,77) MMeeT IIOTHOCTS
C(x+ y2), O<x<y<l],

pacnpenenenus f n (x,y)=
0, X, Y - apyrue.

Haiitu koHcTtanty C, MJIOTHOCTH pacupeneneHus fga (X) c. B. &, mIoTHOCTH

pacnipenenenns f,(z) c. . y =max{¢, 7}, seraucmurs P(y>0,5).

3aoaua 4.3.9. VI3BeCTHO, YTO HE3aBHCUMBIE CITyYalHbIE BEIMYUHBI & W
7] UMEIOT UHTETpajbHble (YHKIIMU pacTIpeIeTICHUS Fg(x) u Fﬂ(y) COOTBET-

ctBenHo. Halitu wHTerpanbHble GyHKIMH PACIPENEICHUS CIEAYIOMUX CIIy-
vaitaeix Bemmunn: 1) 71 = mMax{2&,n}; 2) 7o =min{&,n}.

3aoaua 4.3.10. He3aBucumbie CiiydaiiHble BEIMYUHBI &) U 9 UMEIOT
IUIOTHOCTH PacrpeiesieHus

X 1
—, Xxel2,4], =, xe[13),

f§1 (X)=<6 el24] u f§2 (y)=42 ciLd coOoTBeTCTBeHHO. HaiiTu
0, x¢[2,4] 0, x¢[L3),

mIoTHOCTE pacnpeneneuus fy,(z) u unrerpansuyto gyHkumro pacnpenene-

HUS F,7 (z) cnyuaiinoit Benmmaunsl 17 =& + &o, Berunciuts M7
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5. YcnoBHble 3aKOHbI pacnpeaeneHus criy4yamHbiX BeNIM4YMH

3aHsATHE NpEeAHa3HAUYCHO JJII O3HAKOMIICHHUSA CTYACHTOB C YCJIOBHBIMHU 3aKO-
HaMH paCIIpCACIICHUA CﬂyqaﬁHLIX BCJINYHNH.

5.1. Kpartkue TeopeTuyeckne cBeJIeHUsA

Paccmorpum  BeposiTHOCTHYIO  Monenb (€, .5,P(¢)) craructuuecku
yCTOMYMBOTO dKcriepuMenTa E , ciyualinbie Benmuuunsl & U 7) U IPOU3BOIIb-
Hoe coObITHE B € .

YciaoBHass HTEerpajibHasg (PyHKUMS pacnpee/ieHUsl CIy4ailHOM Be-
TMYUHBL & OTHOCHTENLHO cobbiTHs B € §, obosnauaemas xax Fg (x| B),

BBIYHCIIAETCS 110 cienyrouei hopmyre:

_ _P{E<x}nB) _PH£<xBY)
P (x| B) =Pz <3| B) == L S0 = S

Ecimu &- aumekpernas ciaydaiinas seamumna & €{X,Xo,..}, To npu
P(B)>0 u i=12,...BemonHsI0OTCSA CEAYIONIME PABEHCTBA, ONPEEIISIONINE
eé ycJI0BHBIE 3aKOHBI pacnpe/ieeHnsi OTHOCUTEILHO coObIThs B !

2. PH&=x,B})

P{S=x,B}) i1 <X

PUE =X }B) === S Fo(x|B)=

P(B)

Ecin & - HenmpepbIBHAsI CiTydaiiHasi BEJIMUMHA C IIOTHOCTBIO pacipe-

d(F= (x| B))
nenenust fe(X), o mpu P(B) >0 ¢ynxuus fe(x]B) = SABJIAET-
X

Csl YCJIOBHOM IJIOTHOCTBIO PACIIPEIEIICHHUS BEIUUMHBI & OTHOCHTENIBHO CO-

oot B. CTouT OTMETUTH, YTO YCIOBHBIE U O€3YCIIOBHBIE 3aKOHBI PacIIpe-
JIEJICHUS CITyYalHOM BEJIMYUHBI UMEIOT OJMHAKOBBIC CBOKCTBA.

CoBmectHasi MHTerpaibuas Qynkuus pacnpegenenns Fgp,(X,Y)

IByMEpHOro ciaydaiinoro Bexropa (&,77) MoXeT ObITH BHMHCIEHA CIEMYIO-

oMM 00pa3oM dYepe3 YCIOBHBIE HWHTErpajibHbie (YHKIIMU pacrpeieicHus
CIyYalHbIX BEJIMYHH & U 77

Fep (%, y) =P({S <xn <y}) =P{n <y}) - PHS <x}H{n < y}) =

—F,(y)- F2(x|By). rae By ={0:1(0) < y}:

Fep (%, ) =P{& <x,7 <y} =P{S <x}) - P < y}{S <x}) =

= ng(X) ' F;;(Y| Bx), rne By ={w:&(w) < x}.

[Iycts & U 77 - AMCKPETHBIE CJyYaiiHble BEJIMYMHBI C 3aaHHBIMU 3a-

KoHaMM pacnipesienenus, npudem & €{Xq,%o,...}, n€{y1,¥,...} u usBecTHa
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BEPOSATHOCTH P(f =X,n=Yy j ) = pij |, J =1,2,.... Torna YCIIOBHBIE  3aKOHBI

pacrpezeseHns . B. & MpH yCIOBUH, YTO C. B. 7] NPHUHAJIA KOHKPETHOE 3Ha-
YCHHE Y j, OHPEACIAIOTCS COOTHOIICHUSMHU:

PAS=%.7=Yj}) _ Pij
PAr=yi}) 1y
X PAS=x=yih X i
12X <X _ 12X <X

P{n=yj}) > Pij

PAS=x}{n=yjH=

Fe(x =y} =

Ecin & u 17 - HenmpepbIBHBIE CaydYailHble BeJHYHHBI C H3BECTHBIMU
mrotHoctTamu fep (X,y), fz(X) m f,(y), To dpopmyner nns yenosnbIx 3axo-

HOB pacrpeseieHus ClIydaiHONH BENWYMHB & OTHOCHTEIBHO 3HAYEHHMS
y,—00 <Y <+00 Ipyrou Ciiy4aiHOM BEJIMYWHBI /] TPUMYT CICIYIOIINNA BUA:

X

[ fzp(uy)du
F = :_w
===

0
fe(xIn=y)==Fs(xIn=y)=

H

fop(Y)  fep(X,Y)

fr (¥) JTO f2,) (% y)dX

Wuorna, nnst KpatkocTy 3anucu Bmecto Fg (X|n=y) u fg (X|7=Y) numyr
Fepp (XY) m T, (X]y) coorBetcTBenHO.

HemnocpeacTBEHHO U3 MPEBIAYIIMX (OPMYII CIEAYET T€OPEeMa yYMHO-
SKEHHS JJIS IVIOTHOCTEIA: ffﬂ (x,y)= f,7(y) : f§|77 (x|y)= ff (x) - fméz(yl X).

Eciu ciryqaiiHple BeJIMYMHBI £ U 7] HE3aBHCHMBI, TO TEOPEMA YMHO-
YKEHHUSI T IUIOTHOCTEN MTPUMET BU:

fep 06Y) = £ (9) - F200 = T (1) £ (K1) = FX) - 2y [ X), s

o (X1 Y) = £ 0, Ty 1) = ().

Ecmu & — HenpepbiBHas cilydaliHas BeJIMYMHA C INIOTHOCTBIO pacipese-
nenus fz(X), cobbrrne A€ S u P(A| X) — ycnoBHast BeposSTHOCTL COOBITHS

A otHOCHTENBHO 3HaueHust X c. B. &, Torja crpaBeinBa GopMyJia MmoJTHOI
BEPOSATHOCTH /IJIs1 HECYETHOI'0 YHMCJIA THIIOTE3!

P(A) = +fOP(A| X)f e (X)dlx.

—00
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ITyCTh BBIIONHSAIOTCS BCE YCIOBHS TEOPEMBI O IIOJHON BEPOSITHOCTH U
P(A)>0. Toraa aas ycaosHoi miornocru f £(X| A) cyuaiinoit Benunmbl

P(AIX)f(X)

¢ nmeet mecto pasenctBo: fz(X|A)= gos . Jannyro gpopmy-

J P(A]X) g (x)dx

Jy enie Ha3bIBatoT (hopmyJioi baieca 111 HECUETHOIO YMCJIA THIIOTE3.

5.2. Ilpumepsl penieHusi 3aaa4

Ipumep 5.2.1. 3amana maTpuIia pacrpeesieHust AByMEepHO# ¢. B. (£,77)

,?5-125

0 0,1 | 0,2 0,1

11 0,3 10,25 0,05

2

rae P(E=X,n= yj) = Pij A :1,_3, J=12. Halitn Bce yCIIOBHBbIC 3aKOHBI pac-
npenelenns cayJaiinoii Bennunnsl ¢ u Bepostaocts P({r=0}{E >0}).

Pewenue: 13 ycnosuii 3amaun ciaenyer, uro c. B. £e€{-1, 2, 5} u c. B.
ne{0, 11}. Tak kak c. B. 7 TPUHHUMAET JBa BO3MOXHBIX 3HAYCHHSA, TO IS
CIIy4aliHOM BEIMYMHBI ¢ CYIIECTBYIOT [BA YCAOBHBIX 3aKOHA PACIPEAEIEHUS:

P(&=x|n=0),i =1,3 - IIepBbIi YCIOBHBII 3aKOH PaCIIPEICIEHHS;
P(&=x; |n=11),i =1,3 - BTOpOIf YCIIOBHBIN 3aKOH PaCTIPE/IEECHNA.
Ormpees M 3TH 3aKOHBI, HCIIOJTB3YsT H3BECTHOE COOTHOIICHHE:
PAS=X.m=Yj})  Pij
Plr=yi) Xy

PUE=x =YD=

31ech 7151 YCIOBHBIX 3aKOHOB pacIpeiesieHUs MoTyqaroTcs 18e (popMyJibl:

i m P(E=%,7=0) ot A P(E=Xx,m=1])
P(E=x|n=0)= P(7=0) , P(E=X|n=11)= Pr=1)
i=1,3.

CHauasia HailieM OJIHOMEpPHOE pacipeaesieHue AJisl CIIy4YalHOM BEJIUYUHBI 7 :

3
P(?]IO):.lei]_: P11+ P21+ P31 =0,1+0,2+0,1=0,4;
i=
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3
P(?]le)z z Pi2 = P12 + P22 + P32 =0,3+0,25+0,05=0,6.
i=1

I[anee BBIYUCJEICM YCIIOBHBIC 3aKOHBI pACIIPCACIICHU .

P(é=-17n=0 01 1
=-1|np=0)= (& n ): Pig _ _ L.

" P(7=0)  P(y=0) 04 4

ol _m_PE=27=0)  py 02 1,
P(&=2[n=0)= o0 w0 04 2
p(e=5p=0)=FE=51=0_ Py _01_1

P(7=0) P(n=0) 04 4

OKOHYaTENbHO, AJI IEPBOT0 YCIOBHOIO 3aKOHA PACIIPEIEIICHHS CITy-
YaiiHOM BEIMYUHEI { TIOJTydaeM:

£ =x; -1 2 5

I

P(é=x;1n=0)| 14 1/2 1/4

PE=-1n=11) pp 03 1
P(n=11) P(n=11) 06 2’
P(=273=11)  pp 025 5.
P(n=11) P(n=11) 0,6 12’
P(E=5n=11) pp» 005 1
P(n=11) P(p=11) 0,6 12

P(¢=-1]7=11)=

P(£=2|n=11)=

P(£=5]7=1D)-

OKOHYATENLHO, I BTOPOI'O YCIOBHOTO 3aKOHA PacIpeesieHus C. B. &
MOJTy4aeM:

£ = x; -1 2 5

I

P(&=x;|n=11)| 172 | 512 | 1/12

Borurciaum BepostHocTh P({n=0}|{&>0}). s sroro ucmomszyem
P({n =yi.B})
dopmyny P({r=yi}|B)=—— (B')
B moxuno mpencraButh kak B ={& > 0}={& =2} u{&=5}. Tlosromy wene-
coobpasno npeaapurenbho Haith BepostHocTH P({E=2}) u P({& =5}):

,tie B={&>0} u y; =2. CobbiTre

2
P(&=2)= lezj = P21+ P22 =0,2+0,25=0,45;
j=
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2
P(&=5)= Zl p3J = P31+ P32 =0,1+0,05=0,15.
j=

Hanee BeruncisieM ucxoanyro Bepostaocts P({n =0}{& >0}):

P{n=0.£>0) _P{n=0,=230U{p=0=5))

P({n=0}{S>0}) =

P({¢>0}) P({&=23u{S=5})
_P{n=0£=2)+P{=0£=5) _ 02+01 _1
- P{E=2}) + P{&=5)) 0,45+015 2

Ilpumep 5.2.2. VI3BecTHO, YTO AByMEpHas CiaydaiiHas BeIMYMHA (&m)
pacnpenenena pasHomepHo B kBaapate R={(X,y):X|+|Yy|<L}. Haiitu

YCIJIOBHBIE INIOTHOCTH paclpeIeIcHUs féz (X | n= y) : f,7 (y | &= X) W BbIYHC-

1
b BepositHoers P({0 <& < §}|{77 =0}).

Pewenue: O6nacts R={(X,Y):| x|+| Yy |£1} nzo6paxena na puc.5.1.

Puc. 5.1

[Inomane Sp kBajgpara R paBHa Sy =4- SA:4'(% -1-1)=2. Otcrona mjiot-
HOCTb pacipeaeIcHUs f;n(x, y) c. B. (£,77) UMEET BUJ:
1

ffq(xiy): 2
0, |x|+|yP1l

XTI+ YIRL
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JInst HaXOXKIE€HHsl YCIOBHEIX IIOTHOCTEH f £ (X|n=Yy) u f,7 (Y|E=X) ¢

fen (X Y) fen (X, y)
nomompio  popmy fz(x|7=y) 2l fp(Y1&=x) _ Y
f,(9) fe()
HEOOXOAMMO 3HATH OAHOMEPHBIE IIOTHOCTH f¢ (X) u f (y).
~+00
Hmem fz(x) = [ f £n (X, y)dy, Juts ompenesneHus NpeienoB HHTErPUpO-
—00

BaHMs oOpaiaemcs K puc. 5.1:

X+1

mprn ~1<x<0 fe(x)= | ldy——(2x+2) X+1;
—X— 1
1- Xl

npu 0<x<1 fz(x)= | —dy_—(2 2X)=1-x;
X 1

mpu X <—1nmm x>1 fz(x)=0.

OkoHYaTeNbHO, JJIA fgz (X) mosyuaem COOTHOLIEHHUE:

fg(x):{l—lxl, | xI<L,

0, | x[>1.
o0
AHAJIOTHYHO BBIYUCIISIEM IIIOTHOCTS f,, () = [ fen (X, y)dx:
y+1 1
npu ~1<y<0 f (y)= | —dx_—(2y+2) y+1;
-y- 12
1-yq

npn 0<y<1 f, (y)= I —dy——(2 2y)=1-vy;

npu Y <-1wm y>1 fﬂ(y) =0.
OKOHYATETBHO, IS fﬂ(y) HUMEEM BEIpaKEHHUE:
=yl [yl<s
f =
7 () {o, ly1.

I[anee MOKCM BBITUCIINTD YCJIOBHBIC IINIOTHOCTH:

1
—, <1 |y[£L
5;7(( )y)_ 2@ 1yp | XIFIYEL Y]

0, IX[+|y[>1 |yl<L

f(xln=y)=
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371ech HepaBeHCTBO | Y |[<1 sBisiercst u30BITOYHBIM, €T0 MOXHO yOparTh.

1
fen 21— 1x 1)’ <1, |x<%
f (Y|§:X):M: 2(1_|X|) |X|+|y| |X|
! ()
: 0, IX[+]y[>1 [x|<L

31ech HepaBeHCTBO | X [<1 Takke H30BITOYHOE M €r0 MOKHO yOpaTh.

1
Berunciaum P ({O <é< E} | {77 = 0}) . IIpu y =0 ycnoBHas IIOTHOCTH

fz(X|77=y) npumer cnenyrommii Bux:

1
—, | X[£]
fexln=0)={2" X
0, [x>1
1 1

1 2 21 1.1 1
P({0<§SE}I{77—0})—(I)fg(XIﬂ—O)dX—(I)EdX—E(E—O)—Z-

Ilpumep 5.2.3. OnpeneanuTs BEPOSTHOCTh OOHAPYKEHUSI KOCMUYECKOTO
TeNa, €CIIU PacCTOSHUE JI0 HETO, U3MEepsieMOe B KUJIOMETpax, €CTh paBHOME]-
Has CilydaiiHas BeJIMuYMHA, TpuHUMaromas 3aa4denus B unrepsaie (100,200).

HpI/I 9TOM HM3BCCTHO, UYTO €CJIM PACCTOAHUC JJO KOCMHUYCCKOI0 TCJIa PaBHO X,

3000

X2

TO BEPOSITHOCTb €ro OOHAPYKEHUS paBHA

Pewenue: O603HaunM yepe3 & paccTOSHME OT CTAHIMU CIEKEHUS 0

o6bexTa. 1o ycnoBuio 3amaun & - 3TO HENpephIBHAs ClyuyaiiHas BeJIUUYMHA C
IJIOTHOCTBIO PACIpeaeIeHUs BUAA:

1
feo (X, = :
¢ f(x)

S 0, x¢(100,200).

O06o3naunM uepe3 A ciydaitHoe COOBITHE, 3aKIFOYAONICECS B TOM, YTO

CTaHIUS CIEKEHUsI 00HAPYX UT 00BeKT. V3 yciaoBus 3a1auu NodydaeM
3000
P(A[{&=x})=P(A|x)= 5 JIJ1st BEIYKCIICHHS BEPOSATHOCTH COObITHS A
X

HCIIOJIB3YyCM (I)OpMy.Hy MOJIHOM BCPOATHOCTH AJIA HCCUCTHOI'O YMUCJIa THIIOTC3:

+00 200 200
P(A)= | Pl (dk= [ 200 Ly g0 o 3,3
—0

5 +—=0,15.
100 X 100 X 100 20 10
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5.3. 3agaum 11 cCaMOCTOSATEIbHOTO PelleHusl

3aoaua 5.3.1. Ciny4dailHbIii BEKTOP (95 ,77) 3aJlaH MaTpULIEH:

S Lo |1 |2

1 01 (015(0,3 |0,15

2 0,1 |{0,05/0,1 |0,05

HaiiTi Bce yCIOBHBIE 3aKOHBI paCTIpeIe/IeHHs CITyYaiiHON BETMUUHBI & .

3aoaua 5.3.2. ]Inga nBymMepHOH CiiydyallHOW BEJTWYHHBI (95 ,77) U3BECTHA
MaTpHIla PACIIPEICIICHUSA:

e 2 |5 |8

0,4 0,15/0,3 | 0,35

0,8

Haiitu Bepostaoctu P({& =X%}|{n=0,8}),% €{2, 5, 8} u
P({U = yj}l{f = 5})1 yJ 6{0!4! 0,8}

3aoaua 5.3.4. CnydailHbIil BEKTOP (£,1) 3aman Tabmumeii:

0,05|0,12 0,03

e 1|2

1 0,15 | 0,05
0 03 |0,05
1 035 0,1

Haittu Bce yCii0OBHBIE 3aKOHBI pACTIPEAECIICHUS CIIyYalHOW BEJIMYMHBI 7] U BbI-

ancimts Bepostiocts P({E=1}{n <0}).

3aoaua 5.3.5. JInsa cnyyalitHOM BETMYUHBI (f ) 77) 3aJ]aHO PacCIpe/ICIICHUE!

n 1 2

-2 1/6 |1/8
1 1/4 | 1/6
3 1/6 |1/8

Haiitn seposirnoctn P({7=1{¢ =1}) u P({c=1}{n <1}).



3aoaua 5.3.6. CoBMecTHasI MJIOTHOCTb paCHpeAeNieHUs] CIIy4allHbIX Be-
miauH & W 7] UMEET BUJL:

X
1 0<x<2,0<y<l—2:
fep (X, y) = y 2

0, X,y - apyrue.

Haittn yCnoBHYIO IJIOTHOCTH f,7| £ (y]x).

3aoaua 5.3.7. Tlonoxxenne ciaydyallHON TOYKU (&,n) PaBHOBO3MOHO

BHYTpU  Kpyra X2 + y2 = Rz. OnpenenuTs  yCIOBHBIE  IUIOTHOCTH

f £ X|n=Yy), f,7 (y|&=x), BBIYUCIINTH BEPOATHOCTh

P <& <=0,

3aoaua 5.3.8. CoBMeCcTHasI MJIOTHOCTh PAaCHpECNICHUs] CIyYallHbIX Be-
mmauH & W 1) UMeeT BUJ:

fep (X,Y) ={

Omnpenenuts KOHCTaHTy A, HAWTH yCIOBHYIO IUIOTHOCTH f,7 (Y| £ =X) uBbI-

uncautsk Bepoataocts P({n7 < 2}|{2& =1}).

A(yx+y2), 0<x<2,0<y<2;
0, X,y - npyrue.

3aoaua 5.3.9. [110THOCTD pacmpeneseHus AByMEPHOU CIIyd9aiiHON BeNu-

2 2
YU HbBI (f ,77) AMEET BU/I fé:,7 (x,y) = A€_4X —Axy-4y . Halitu xoHcTaHTy

A U yciioBHBIE IUIOTHOCTH PacIipeeIeHuUs fé: (X | n= Y) : f,7 (y | &= X) .

3aoaua 5.3.10. OnpenennTs BEpOSTHOCTH TOMAJlaHUsI B OOBEKT, €CIU
pPaccTOsIHME 0 HEro, U3MEpSEMOe B METpPax, €CTb paBHOMEpHas Cly4yalHas
BEJIMUMHA, MpUHUMaroias 3HaueHus: B uarepsaie (350, 400). [Ipu stom u3-
BECTHO, YTO €CJIM pacCTOsSHUE JI0 00BEKTa paBHO X, TO BEPOSTHOCTH IOMaja-

aust 50/ X.
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MNPAKTUKYM 10 TEOPUU BEPOATHOCTEHN

Yacts 2

denepanbHOE TOCYIAPCTBEHHOE aBTOHOMHOE 00pa30BaTENbHOE YUPEKICHNE
BBICIIIETO OOpa30BaHUS

«Hwmxeropoackuit rocy1apCTBEHHbIA YHUBEPCUTET
uM. H.W. JIo6aueBckoroy.

603950, Huxxunit Hosropog, np. I'arapuna, 23.



